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Application of harmonic balance method in simulations of
low speed unsteady flows
Du Pengcheng Ning Fangfei

(School of Jet Propulsion, Beijing University of Aeronautics and Astronautics, Beijing 100191, China)

Abstract: The harmonic balance method is an effective computational method in simulating time periodic
unsteady flows. When using the harmonic balance method based on compressible flow equations to solve low
Mach number flows, both the accuracy and convergence of the solution would be deteriorated due to the large
dissipation of the convective scheme which is specially designed for compressible flows. To solve this problem,
the low speed preconditioning was adopted; therefore, the harmonic balance method based on compressible
flow equations could be used to compute low speed periodic unsteady flow directly. Both the time marching
calculation and the harmonic balance calculation were performed in simulating the incompressible lid-driven
flow and the low Reynolds number vortex shedding cylinder flow. The results show the capability of using the
preconditioned harmonic balance equation in simulating low speed periodic unsteady flows, and the unsteady
flowfield could be well reconstructed by using only a few harmonics retained in the harmonic balance method.

Key words: periodic unsteady flow; harmonic balance method; low speed preconditioning; lid-driven

flow; cylinder flow

JRSIPEAR E B R — PR MR R L MRS R T R R R Dy T S TE] L
[l , kA AL S T G SRR MO LA R R R
IR 2. 0 T X R R i o R AR S8 AERXRIE TR T 35 i Bl 7 vk b, 2 7% SRk
(O eI . 2 T I RIS AR E WA [ 2 ] 3Rt AR P i Hs B Oy A 8 4 [l iR IR
TR AR THR R RFR 7 i 18] F Tk PR AT Ak, [RI ] AR5 (5 £ Ak B v A 80 [ 23T, A

Wi BHEA: 2011-03-16; M4 HARATIE: 2012-06-15 15:44

2% AR 3E . www. enki. net/kems/detail/11.2625. V. 20120615. 1544.031. html
EEWE . FZEARPEEERIH (50506001)

TEE B, FMEARE (1986 - ), 55, NE A, 44, dupengcheng22@ 163. com.



% 6 3]

b S P A5 < PP 12 A R A 5 T TRSEAU P A ] 767

UETHEORS LAY R, Dt 58 B, TS 21 1)
125 SR AT R

TEAREAN AT He it 58 o, A SRR I3 T 0] T
A8V ST AR TS 3 02 e TR AL T A
6 2 A RSB Pt SRRV (L P ] AT i 3 )
5 RE AR LSS 221 DR S BB 36 7 R 4
UL RO A4 5 R A I P AR SR B P A s
A r TN ) Ak B 7V A A5 R R X —
[ R 22775 0 208 3 A ) 4 A R ) I i) S
T Ae 36— THOAL PR [, DA 1 0 il e R AOE
R AR AR, AR 1 L AR O e 19 2 B, B T
S 5 AR IO A8 oA HE e 3 308 A v A
T, M ] AR B 3 3 A 1 D NEAEDRG 1. 4R
Ak R R X AN ME— | 1678 AN [ B AL B
A A R0 A X AL R 5. 275 Sk
[5 T XAN ] F004E RO A5 T 23 A0 L.

ARSCR MG P A B A 45 AT LIORE 3 T 0] T
248 U A VD A8 5 A R T A SR AR R
DT O 1 9K S i AV 7 o 2 A S8
X P JEA S AT T YA

1 RIEHFE
1.1  BEfEE# %
K A BRARFR L B 8L Navier-Stokes J7 F2 1]
PSR
99 _
V8t+R(Q> =0 (1)

X, Q HHEAEE;Q = [p,pu,pv,pw,pE]" VR
PRI EL R k2 m i X FE®ITE, A
SCR R LU-SGS SR A, B 2ok i .

Qn+1 _Qn _ el
VE—L T = RQT) (2)

e 7 152k HOBUET [E]) 26 77 7 DTS (Dual Time
Stepping ) HEHER A 40 F 72 .

V 3V R _

[(E - 2At*)l * @]AQ -

) 30 40" + Q"
(re@) + 32020 ) ()

2, Ae ™ S B E] 25
1.2 EETEE

A Ry Isf TR 4 1 V5 1 — ol g B A 2 30 D - 1
% HB ( Harmonic Balance method ) 7 D418 st [A]
JEAETR . % R b T s, o @ sk
R(Q) [RIFEJE B[] 1) il S0 pRESC, A% R o, T LAY
H A FR B B - 50 A s Ry

0(t) =~ Q, + Z(Qancos(wnl) +Q, sin(wnt))

Ny

R(t) =R, + Y (R, cos(wnt) + R, sin(wnt))
n=1

(4)
e (4) AR R (1) AT IE 3% R B IE
BCHE W HHA TPl T 7
R, =0
onVQ, +R, =0 (5)

- a)nVQa" + E,,n =0
X (5) HITFEBAARIEBHA A Ny =2N, +1 DY
TR, S BE e

wAVQ +R =0 (6)

N N T
ale PR Qb“\v”]

Wig = (0,8, ..0
R = [Ry R, o Ry Ry Ry 1
sl 7 = (6) TEMIR N B UR B 4%, B
FETTE A RIS, SCHR[ 2 ] 15 Wb ()R] FH 5 i e
AR R AT 35 5 R (6) P Ak 1] B ke r SR i, R
— N T =2m/0 WIS A N, A B2

fife 72 L

“Ni

rQ(t, + Ar)
O(t, +2Ar)

L O(t, +T)
[ R(t, + At)
R(t, +2Ar)

(7)

R hh =

L R(t, + T)
Hodr Ae = T/N, B AT B i kAR $e | n] 45

Q = Eth}

R = ER,,
X (8) WA (6) 115

wDVQ,, +R,, =0 (9)

Hrp D =E'AE. X F30(9) MR, 51 AR AT
() e A 5K i

(8)

ot
Sy, = wDVQ,,
A LU B V- 10 AR 2 T 2 () I SR i — A A
BN N, DI 2 w7 i, s IS, F
XN, AN 20 1) 3 3 DG IR kR k. (HLIZ IR T 1Y) A7 7E

an)
y =1 + Ry, :_Shh} (10)



768 b it = M KK 2 2% i

SR A RS E M, A5 TR AT R CFL 00t
N ARG T R SR AR 275 S0k 6]
A BJ-SSOR 5.
1.3 #H{REFALIE R T E AR

T AL I T AR (10) FnE R TR (1)
FH L, FEXT 38 R AR, R AR TR O
Ao SR FH 38 T e 48 i ) 77 R e e | ol g A =X, )
23 FH T BUEDRS P 2k IR (B M 4 [ s At A
FEAR HCSAPE 22, A% SCR FH Ak 3 7 325 K il e 3
— [V L, AL L A R AR i P ALk B A B A LA
e ULSCRR S ], B 205 B T Ak B i) 3% 38 °F-
R
thh

MT™'V a1 +R, =-S5, (11)
it M=

g =[p,uvuw,pl’
I'' = diag[1,1,1,1,1/8]
B HIHUEA B =min(1,M;) M, NS % BHFEL [F]
s SR FH Tl A 3RS, 5 X i 3 AR =X
PRV N A& 2. AR SR IS 2 SCHR[ 7 14 R 1Y
A T B A A FE TR i A% =X

2 Bl 1—AIRER

2.1 EEITE

7 W 9K B e SR A T IR T g A
BIES . B — AN BN DAY e, bR L
IE U A H6E gl AR REm # Ak, b T i
Ktk S 7607 I N TE R — A8 5 (A3 I, AR SCHL
U=0.1m/s, FIUETRIHEL Re = 100, Ji 81 11 S 5L
24574 0. 001.

FESE H TR WS KN R 8 5] 43 AR 1 41 x
41, AR AL B P BUE R R, (545 07
i T B A L k. S B ECHAL P S A M, =
0.001 J& , P15 A5 F i J i v 1] 38 1 1) 8 )52 0 A
S SCHRT9 ] BT 45 W S AR 4, an el 1 By
R [FIRE BEMERG TS AT BE TR — T BEIR - Z2BE
Tl A R T R B A, i 2 .

2.2 EEHITE
fifi 1 BE NS IR 3B 5

U(t) = Uycoswt (12)
AR w =1 rad/s. WA 25 4E 52 % 3157 i — 4>
JEIPI R FH 60 /™4 B[] 45 | A~ B E) 25 Y
VT HEADLS ) A5 e R it 30 W, HL% 22 FRE 1 x
10 5. WA R R A 3 AN RIS, T st
CL A H) R A0 J5 R A I B 1T B T 2R B b A

(8] 928 Ab s AR AN 1] 3 BT 7.

Lo = - Efikbe ¢
08| — Mr=0.001 b
o &I [9]
06 F
>
T 04t
2 02t
=
0
-02 L WU
-0.4 . L . ) )
0 0.2 0.4 0.6 0.8 1.0
xD, WD
B 1 T s e ) AT R A3 A
4011 — Mr=0.001
o &HIUMR [9]
20
g 0 T s o)
-20
-40

0 05 10 15 20 25 30
R T T 1S
P2 TRET R T RO

2 4 6 8§ 10
T

P13 IRl BEL A A RH ) 2R BB 8] 9722 Ak

TEVE I3 R 200 R T AN TR B B
W, IFRJFARH] ¢ =0. ST 2B 5, 5 s A 37
2 5 I AR 1 TS A5 R A XT L AP 4 R, B
IR b BETIf— Bl i AR 2 W is 8, (HUE h Tk
PERITT R RAR LM, UnRALACR ] — il i, i Jit
RN IIR 2 ORI 2 i 14 32 3l P A7 B
D A AR AT ()RR Bl R H R
B4R i i DA B A SR SR 3 Bir
W, RITHE 7 SIS 280, T LIRS ik )5
I 2 B AR E W .

TR EIA—A R P9 L RE B R B0
ARALINPE 5 . i TR AR BT A R B
SEIT L BERIAL 7, R 1 B Bt Rl LIS 3
B T 1) BHL 7 2R RORY A, 2R B3 I B K
N=3 J , FERE T A B RO T (8 A



% 6 1]

Aok RS 25« DR P08 3 A R A S AR P A 769

B AR G, R A4 v R A4 BE ) AR K R
(EAFAER/ NI 22 501, 33K 2 PR DA 1 o e AR 1
T ok e AR 2k PR I SN, SR AT BR B B0 A
WA L AR B R S T — S8 B T, A A —
TE M RIR .

a  IFTEIHEE

/

b PR RN =1

-

(o)
N/

B4 =057 B 205 B NI ng X L

157 ° DTS
— HBN-I
10 -+ HBN=2 =
I - - HBN=3 &9‘9
o 0 -~ HBN=4
= ol N g
= D £
[ -5 0%
DN
-10} =
-15 .
0 02 04 06 08 10
T

S — A L R R
3 Hf 2—REEBEESER

3.1 EEItE
B, UL Re =41 BYE % [RIAESE 0 N B 5630E

SRR A B vk T 20 £ IR AE ELAR, )
#R o1 x 81 Hyfai B O HURIAK | 37 5 A Sh RN
0.001. NIl 6 7] LU S A ffi F 13 4b 3B, B 1A
SR SN 4 B TR FH AR B W80 TR
B ERE I, TH R TR AL IV AR GT 4
B X R/NAR 2 A5 B AR

o BN
516 Re =41 MR IRIFESE0 1) I 2k 5]

3.2 EEITE

4 [ A BE v ) B v O N E] Re =200 B 5]
FE G E 2 0 B O TR B B 5, R B R TR
7 e R AR 2 TR, AL B R B R
0.01, THEMHME Jy 156 x 156, Hit 35 A9BH 11 2 %L
Cy FF+J1 Z 850 €, BB [R) B Ak B &1 7
R HEARIRL N RS C, =1.35 £0.039, 7+ /7
FEC = £0. 64, WL (Strouhal %) S, =
0. 19. A SCHY T3 45 FL A0 HABAIF T & 53 s s
S RIS R, gk 1 fis.

200 — G4

K7 By T Z R ] 4 1



2012 4F

770 | AR /1N N N = A 4
1 Re=200 HEHSRMNIEETEITELE R
SHLER C, C s,
AL (WAL FE ) 1.35+0.039  +0.64 0.19
Chin Hoe Tail!!] 1.31£0.041  =0.64 0.195
Rosenfield 2! 1.46£0.050  +0.69 0.211
Kovaznay (Expt. )" 0.19
Wille (Expt. )" 1.30

TER PV - B8 5 B8 S 3
AT A | el R T2 7% SCRR [ 13 ] 4t i — Fof
TR R TR R B A ) D 1 1A i 7% 4t
SR L M) P ek A kR4 2 A T )
Ve IR DR U A 125 P i o i PO S DR

R A R B e 3 g L T & K
%2 FR. B TR BRI I B R R BT &
B E AR 1,35 2y, R (a4 53 2%
BEA—ZGHTIRECH £0. 67, LU RS 25
SRR EAERR 1 HABBFEE TR RITE R Z .

R2 FARMERHEFEREND FANEY

TR 5L Cy G
N=1 1.30 £0. 047 +0.52
N=2 1.34 £0. 044 +0.59
N=3 1.35 £0.039 +0.67
N=4 1.35 £0. 042 +0.67
N=5 1.35 £0.043 +0. 67
N=6 1.35 +£0.043 +0. 67

FEIR A A TR 2ok T D B B0 Uk
B, TR R 25 K SR O 2 I T B TR
IR RN BRI T A [ R N AR R
T AT S B A BRI R, AR B A S
WAl e RE 4 NS (A, B, C, D). R I [E] 4
PERITRAR B — A A B NP E AR i pu 1922 4L
AR 8 Fron. ] LUE BI7E R A 5 I8 28 8 Wi 7%
A B A — A S 0 2 AR R B, 5 2R
BB SR 43 9% 5 T I T 1] T 9 AN R
&3, T REHEFER, H pu B ALE TF-22, A
B DR EA . X AT LA 93X 4 4~ A pu
A8 L I By R A P61 TR 7E A S, LT 6 B

207

P8 AN e TS 0 — A A 0 P M pue Y20 AT

TR PR R AEL R — [ 0 B (ELAH B, AN R 220 s
BRZ) 6 Brit i A BERAF (0 HE i A R ARE B
{55, WAL B, C, D 75 20 BOBOR b
TE D 5, 2 3 Brigi BT

1.5 —

TR R B/ — P i

T

BIO STl B T A4 M 15 a5 Y pu OB

P10 SR AN [ B 500 380 0 Dt 4 ) )
¢ =0. 5T I 2 AU 3 RIS ) HE 1 3 580 0 3 B %
PE. SR — B il i, REAZ 73 Bk 1 i3 B3t 9% 10 B A ik
R (HR PRI ZE. RHT 3 Bl it €, D b
UTH A ARG 1 73 BERE ST, (EX A, B A5 K
AT BT 3 AN | 3K FET9 B A8 HL - A 45

d BT RN =6
F 10 ¢=0.57 WZRR AL



% 6 3]

b S P A5 < PP 12 A R A 5 T TRSEAU P A ] 771

PERC. 4R 6 Bt it S me , st nl ARG Aid it
BRI I IX R A S AT

TR 23 AT W AN SR RE AR T R PR O
A , BRI 5 AR AR ) DX IR 4522 B
AT , T8 11 2 1 IX SR T D B B Y
R, IR 5 A 7R ] R R 22 0 B i O ) T3 A
EC, nT A AR A N AR IR e 2k
BRI 1) Z—.

4 % it

1) SR JH R FAR BT, ol LA T 0] 46
TR TS 2 OR M AR AN ] i, DA TR 55 |
R AT AE Rl — DT R e — ik

2) e IR AR E W b AL
AT -1 75 o ] SR BB A0 B B 3 e 3 5
W JEAT R — A I N LT el B AF 2 H . 3R
WITETT SRR A, SR FH AR B 4 0 oK i 75 2278 1
F8 v ) 9 A ) SRS P AR E R TR R SR A
PRk, Al AR IR 15 1]

3) A Wb — BRI F I8 N A Pk
ol /D BT kBT TR) R A A7 5 R

S #E LK (References)

[1] He L. Fourier methods for turbomachinery applications[ J]. Pro-
gress in Aerospace Science,2010,46(8) :329 341

[2] Hall K C,Thomas J P,Clark W S. Computation of unsteady non-
linear flows in cascades using a harmonic balance technique[ J].
AIAA Journal ,2002,40(5) :879 - 886

[3] Lucia D J,Beran P S,Silva W A. Reduced-order modeling: new

approaches for computational physics[ J]. Progress in Aerospace

Sciences,2004 ,40(1 -2) .51 - 117
[4] Turkel E. Preconditioning techniques in computational fluid dy-
namics[ J]. Annual Review of Fluid Mechanics,1999,31 385 —
416
[5] Briley W R, Taylor L. K, Whitfield D L. High-resolution viscous
flow simulations at arbitrary Mach number[ J]. Journal of Com-
putational Physics,2003,184 .79 —105
[6] Sicot F,Puigt G,Montagnac M. Block-Jacobi implicit algorithms
for the time spectral method[ J]. ATAA Journal,2008,46 (12) :
3080 -3089
[7] Edwards J R. Towards unified CFD simulations of real fluid flows
[R]. ATAA-2001-2524,2001
[8] W7, AP AL FAL I Roe 4% 20 P BB R T]. AL
HUPLZS AR A2 ,2010,36(8) :904 - 908
Cao Ning, Wu Songping. Numerical dissipation of Roe’s scheme
with preconditioning for low-speed flows[ J]. Journal of Beijing
University of Aeronautics and Astronautics,2010,36(8) :904 —
908 (in Chinese)
[9] Ghia U,Ghia K N,Shin C T. High-Re solutions for incompressi-
ble flow using the Navier-Stokes equations and a multigrid meth-
od[ J]. Journal of Computational Physics,1982,48.387 —411
[10] Dyke Van,Milton D. An album of fluid motion[ M ]. Stanford,
CA :Parabolic Press, 1982
[11] Chin Hoe Tai,Zhao Yong. Parallel unsteady incompressible vis-
cous flow computations using an unstructured multigrid method
[J]. Journal of Computational Physics,2003,192.:277 -311
[12] Rosenfeld M, Kwak D, Vinokur M. A solution method for the
unsteady and incompressible Navier-Stokes equations in gener-
alized coordinate systems| R]. ATAA-88-0718,1988
[13] McMullen M, Jameson A, Alonso J J. Application of an on-linear
frequency domain solver to the Euler and Navier Stokes equa-

tions[ R]. ATAA 2002-0120,2002

(4 %B.5% IF)



